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We study a quantum absorption refrigerator, in which a target qubit is cooled by two machine
qubits in a nonequilibrium steady state. It is realized by a strong internal coupling in the two-qubit
fridge and a vanishing tripartite interaction among the whole system. The coherence of a machine
virtual qubit is investigated as quantumness of the fridge. A necessary condition for cooling shows
that the quantum coherence is beneficial to the nonequilibrium fridge, while it is detrimental as far
as the maximum coefficient of performance (COP) and the COP at maximum power are concerned.
Here, the COP is defined only in terms of heat currents caused by the tripartite interaction, with the
one maintaining the two-qubit nonequilibrium state being excluded. The later can be considered to
have no direct involvement in extracting heat from the target, as it is not affected by the tripartite
interaction.
Keywords: Quantum absorption refrigerator; Nonequilibrium steady state; Quantum coherence; Master
equation
I. INTRODUCTION
Quantum thermodynamics [1, 2], which investigates
the intersection of quantum mechanics and thermody-
namics, can be traced back to the early years of quan-
tum mechanics [3]. Significant advances have been made
in this field recently, especially in the area of out-of-
equilibrium thermodynamics [4–7] and the interplay with
quantum information [8–10]. The study of quantum
thermal machines plays a vital role in understanding
the emergence of basic thermodynamic principles at the
quantum mechanical level [11, 12] and uncovering the
quantum effects of finite size systems in thermodynamics
[6, 7, 13–15].
Recently, the study of small self-contained quantum
thermal machines has gained widely attention [10, 16].
The term small means few quantum levels, and self-
contained (or autonomous) refers to the fact that the ex-
ternal control is replaced by their interactions with heat
baths at different temperatures. These machines are also
referred to as continuous engines, in contrast to the dis-
crete ones with four or two strokes [16, 17]. Among these,
a model of quantum absorption refrigerator [18] consist-
ing of two machine qubits and a target one has raised
a subsequent stream of works [19–24], since it was pro-
posed in the investigation of the fundamental limitation
on the size of thermal machines [25].
A fundamental topic in these researches is to establish
the role of quantumness. Recent work [24] shows the ad-
vantages of quantum properties represented by spectral
structure of thermal reservoirs. The role of quantum fea-
tures in the models are investigated in the both regimes
of weak [7, 23] and strong [21] coupling. In these stud-
ies, the quantum features refer to quantum correlations,
measured by entanglement [26] and discord [27], which
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originate from the global coherence [28] among the whole
system of machine and target. In addition, the contin-
uous heat machines are shown to operate on coherence
[17]. However, the internal quantumness among differ-
ent particles in a machine, e.g. the coherence between
the spiral and engine in the three-qubit model, is not in-
volved in these works. One can consider the quantum
correlations in [7, 21, 23] as the internal quantum prop-
erties of machines, by regarding the target qubit as part
of the refrigerator, and its bath as the object to cool. But
this view pollutes the simplicity of the model.
In this paper, we address this problem by introducing
a strong internal coupling between the engine and spiral
in the three-qubit model of absorption refrigerator, while
the tripartite interaction extracting energy from the tar-
get is supposed to be weak enough as in the original con-
struction [25]. The former generates the quantum coher-
ence in the fridge and the later allows us to talk about the
local temperature [25, 29, 30] of the target, and hence its
cooling. When the three-body interaction is turned off,
the two machine qubits are in a nonequilibrium station-
ary state with a global coherence between them, and the
target qubit is in a thermal state at its bath temperature.
We term the machine as nonequilibrium fridge, since the
task of cooling is mainly dependent upon the nonequi-
librium state and its thermal contact with the target via
the arbitrarily weak tripartite interaction [20].
We choose the subspace of fridge with two-qubit coher-
ence as the machine virtual qubit [20] acting on the target
directly, and adopt its quantum coherence as a measure
of the quantumness involved in to the task of cooling. As
our main result, such coherence is shown to be beneficial
to the fridge by a necessary condition for cooling; but
to be a disadvantage by COP, although the heat current
maintaining the coherence is excluded in our definition
of COP. This disadvantage is not natural like the one of
tripartite coherence in [23], which is positively correlated
with the heat currents driven by temperature differences
and thus is a reflection of irreversibility.
Our treatment of the master equation is a hybrid of the
2FIG. 1: (Color online) Schematic diagram of the quantum
refrigerator. Three qubits couple their respective baths at
temperatures T1 ≤ T2 ≤ T3 with a strength p. The qubits
1, 2, 3 are the target, spiral and engine, in order. The two-
qubit interaction with strength γ between the spiral and en-
gine builds their coherence and generates a heat current Q23.
Heat currents Qg
1
, Qg
2
, Qg
3
are caused by the tripartite inter-
action g.
global and local approaches [31, 32]. Namely, the two-
qubit fridge is considered as a whole. Dissipations will
not destroy its eigenstates but only produce transitions
between them. Whereas, the tripartite interaction is as-
sumed to be too weak to affect the system-bath coupling.
In addition to the study of quantumness in quantum ma-
chines, our construction can serve as a simpler model to
understand the effects of delocalized dissipations on the
task of cooling in [21, 22].
In the next section, we introduce our model and derive
the master equation. Based on the stationary state, the
role of the coherence of machine virtual qubit is analyzed
in Sec. III, by studying a necessary condition for cooling,
the maximal COP, and the COP at maximum cooling
power. Sec. IV presents the conclusions.
II. FRIDGE WITH INTERNAL INTERACTION
A. Model
The model we consider here is made up of three qubits,
1, 2, and 3, which interact with three baths at tempera-
tures T1 < T2 < T3 respectively (see Fig. 1). Qubit 1 is
the target to be cooled, while the other two play the role
of a fridge, in which qubit 2 is the spiral that extracts
heat from the target and qubit 3 is the engine providing
free energy. The free Hamiltonian for the three qubits is
H0 = H1 +H2 +H3, (1)
where Hi = Eiσzi /2, i = 1, 2, 3, with σzi = |0〉〈0| − |1〉〈1|
being the third Pauli operator. Without the interactions
among qubits, each qubit is in a thermal state as τi =
ri|0〉〈0|+r¯i|1〉〈1|, where ri = 1/[1+exp(βiEi)] , r¯i = 1−ri
and βi = 1/Ti.
To biuld coherence in the fridge we introduce a two-
qubit interaction
Hγ = γ(σ+2 σ−3 + σ−2 σ+3 ), (2)
where σ+i = |0〉〈1|, σ−i = |1〉〈0| and γ is the interaction
strength. It is assumed to be comparable with the free
Hamiltonian (γ ∼ Ei), and much larger than the qubit-
bath couplings. That is, the dissipations will not destroy
the eigenstates of the fridge governed by Hamiltonian
Hfridge = H2 +H3 +Hγ . Consequently, the nonequilib-
rium steady state of fridge is a mixture of its eigenstates.
We choose the two eigenstates ofHfridge with two-qubit
coherence as the machine virtual qubit v, and ensure its
energy-level spacing equal to E1 by adjusting the values
of E2, E3 and γ. The task of cooling the target can be
performed by an arbitrarily weak interaction which al-
lows the virtual qubit and target to resonantly exchange
energy, which is given by
Hg = g(σ+1 σ−v + σ−1 σ+v ), (3)
where σ±v are the raising and lowering operators for the
virtual qubit. This interaction places the target and
fridge, via virtual qubit v, in thermal contact [20].
B. Master equation
The master equation governing the dynamics of the
three-qubit system is given by
ρ˙ = −i[H1 +Hfridge, ρ]− i[Hg, ρ] +
3∑
i=1
Di(ρ), (4)
where Di are the dissipative completely positive super-
operators for each bath. In the weak-tripartite-coupling
regime, g ≪ Ei, the eigenvalues and eigenstates of the
three-qubit system remain governed by the Hamiltonian
H1 +Hfridge, and hence we can meaningfully talk about
the temperature of the target qubit, since it will remain
in the standard thermal state with the energy gap E1
[25].
We model the local dissipator for each bath on its cor-
responding free qubit (when g = 0 and γ = 0) as
Dfi (ρ) = pi
[
ri
(
σ+i ρσ
−
i −
1
2
{σ−i σ+i , ρ}
)
+r¯i
(
σ−i ρσ
+
i −
1
2
{σ+i σ−i , ρ}
)]
, (5)
where pi is the dissipation rate. It is a variant of the
simple reset model in [19, 23, 25] with the dephasing rate
being halved. In this work, we suppose p1 = p2 = p3 = p
for simplicity. In the regime where p ∼ g ≪ Ei, the
dissipator D1 = Df1 acts locally on the target, while the
other two on the whole of the two-qubit fridge due to the
internal coupling Hγ .
The form of Dfi in (5) can be derived by using a specific
3system-environment model, such as the atom-field system
with an appropriate spectral density under the Marko-
vian and rotating-wave approximations [33, 34]. Sequen-
tially, one can take into account the two-qubit coupling
Hγ and obtain the delocalized dissipators, D2 and D3, in
the same model, as the processes in [21, 22, 35, 36]. The
procedures are equivalent to the transformation, from the
transitions between the eigenstates of free qubits into the
ones of Hfridge, in the following two steps.
Firstly, one can diagonalize the fridge Hamiltonian into
two free qubits by using the unitary
U = cos2 θ
4
+ sin2
θ
4
σz2σ
z
3 + sin
θ
2
(σ+2 σ
−
3 − σ−2 σ+3 ), (6)
where θ = arctan(2γ/∆E) with ∆E = E2 − E3. They
satisfy
Hfridge = U†
(
ε2
σz2
2
+ ε3
σz3
2
)
U , (7)
where ε2 = E + λ, ε3 = E − λ, with E = (E2 + E3)/2
and λ =
√
(∆E/2)2 + γ2. In the following, we denote the
two free qubits in the diagonalized fridge as µ˜ = 2˜, 3˜, and
their Pauli operators σ˜±,zµ = U†σ±,zµ U . The four eigen-
values of the fridge are {E, λ,−λ,−E} and their corre-
sponding eigenvectors are |ψ00〉 = U†|00〉, |ψ01〉 = U†|01〉,
|ψ10〉 = U†|10〉, |ψ11〉 = U†|11〉. Here, |ψ01〉 and |ψ10〉
are two coherent superpositions of states |01〉 and |10〉,
while |ψ00〉 = |00〉 and |ψ11〉 = |11〉 are two direct prod-
uct states. The machine virtual qubit is defined as the
subspace {|ψ01〉, |ψ10〉}, and the raising and lowering op-
erators in Eq. (3) are σ+v = |ψ01〉〈ψ10| = σ˜+2 σ˜−3 and
σ−v = |ψ10〉〈ψ01| = σ˜−2 σ˜+3 . The resonant interaction re-
quires that E1 = ε2 − ε3 = 2λ.
Secondly, to protect the eigenstates of Hfridge, we shall
map σ±µ=2,3 in Eq. (5) onto the jump operators Γ
±
νµ =∑′
Eij−Ekl=ων
|ψij〉〈ψij |σ±µ |ψkl〉〈ψkl|, with ων being the
energy-level spacings. There are four pairs of nonzero
Γ±νµ as Γ
±
22 = cos
θ
2
σ˜±2 , Γ
±
32 = sin
θ
2
σ˜z2 σ˜
±
3 , Γ
±
33 = cos
θ
2
σ˜±3 ,
and Γ±23 = − sin θ2 σ˜±2 σ˜z3 , corresponding to ων = ±εν.
Let rνµ = 1/[1 + exp(−βµεν)] and r¯νµ = 1 − rνµ with
µ, ν = 2, 3, which are the probabilities for a two-level
thermal state in the temperature Tµ, with energy-level
spacing εν , in the ground and excited state respectively.
Replacing σ±µ and rµ in the dissipator Dfµ in Eq. (5) with
by Γ±νµ and rνµ, one obtains four delocalized dissipators,
denoted by Dνµ. Then, the dissipators, describing the ef-
fects of baths 2 and 3, are given by Dµ=2,3 = D2µ+D3µ.
III. COOLING WITH COHERENCE
A. Stationary state
We are interested in the steady-state solution of the
master equation (4), satisfying ρ˙S = 0. It can be derived
simply by localizing the channels Dµ=2,3 in the represen-
FIG. 2: (Color online) The process to localize the channels
Dµ=2,3. The fridge Hamiltonian can be diagonalized into two
free qubits 2˜ and 3˜, both of which couples with the two baths
2 and 3. The effect of the two baths on a state ρ˜ in Eq.
(8) is equivalent to the thermalization of qubit ν˜ under the
influence of bath µ with dissipation rates p cos2 θ
2
or p sin2 θ
2
.
The net effect is that baths 2 and 3 draw the qubit ν˜ back to
a thermal state in T˜ν with a rate p.
tation of diagonalized fidge. The process to localize the
channels is shown in Fig. 2.
Specifically, we define four local dissipators on the free
qubits in the diagonalized fridge as, D˜22 = D22, D˜23 =
D23|Γ±
23
→sin θ
2
σ˜
±
2
, D˜32 = D32|Γ±
32
→sin θ
2
σ˜
±
3
, and D˜33 = D33.
One can consider a class of states in the form as
ρ˜ =
1
8
(
1 +
∑
i
aiσ˜
z
i +
∑
i6=j
bij σ˜
z
i σ˜
z
j + cσ˜
z
1 σ˜
z
2 σ˜
z
3 + dY
)
,(8)
where Y = −iσ˜+1 σ˜−2 σ˜+3 + iσ˜−1 σ˜+2 σ˜−3 and σ˜±,z1 = σ±,z1 .
The effect of D2,3 on these states is equivalent to two
local dissipators that
D2(ρ˜) +D3(ρ˜) = D˜2(ρ˜) + D˜3(ρ˜), (9)
with D˜ν = D˜ν2+D˜ν3. Here, D˜ν are in the form of (5) with
the Pauli operators of qubit ν˜, dissipation rates p˜ν = p,
and the probabilities r˜ν = cos
2 θ
2
rνν+sin
2 θ
2
rνµ and ¯˜rν =
1 − r˜ν . That is, the delocalized dissipations thermalize
the qubit ν˜ to a thermal state τ˜ν = r˜ν |0〉〈0|+ ¯˜rν |1〉〈1| in
a temperature T˜ν = εν/[ln(¯˜rν/r˜ν)].
A localized master equation can be obtained by replac-
ing D2,3 in (4) with D˜2,3. Its stationary-state solution is
in the form as (8), and therefore is also the stationary
state of the master equation (4), ρS . Without the tri-
partite interaction, the total stationary state is simply
the direct product of three thermal state ρS,0 = τ1τ˜2τ˜3.
The tripartite interaction generates a deviation from ρS,0
proportional to the parameter
d =
48(r¯1r˜2 ¯˜r3 − r1 ¯˜r2r˜3)
9p2 + (14 + 4
∑
i6=j Ωij)g
2
pg, (10)
4where Ω12 = r1 ¯˜r2 + r¯1r˜2, Ω23 = r˜2 ¯˜r3 + ¯˜r2r˜3, and
Ω31 = r1r˜3 + r¯1 ¯˜r3. And then the other parameters for
the stationary state are a1,3 = s1,3 +
g
p
d
2
, a2 = s2 − gp d2 ,
bij =
1
2
(siaj + sjai), and c =
1
3
(
∑
i6=j 6=k sibjk − gp d2 ).
Here si stand for the Bloch vectors, s1 = r1 − r¯1 and
s2,3 = r˜2,3 − ¯˜r2,3.
One can notice that, the total stationary state ρS is
determined by the properties of ρS,0 and the coupling
strengths p and g. It is the result of competition between
the trend back to ρS,0 and the thermal contact of fridge
with the target. In this sense, the task of cooling can
be regarded as that, the target qubit is cooled by the
fridge in a nonequilibrium steady-state ρfridge = τ˜2τ˜3 in
our model, while in the direct product of two thermal
states in the original construction [25].
In the nonequilibrium fridge, the virtual machine qubit
is the part acting on the target directly. Its virtual tem-
perature can be found by looking at the ratio of popula-
tions of |ψ01〉 and |ψ10〉 in ρfridge,
Tv =
ε2 − ε3
ln[(¯˜r2r˜3)/(r˜2 ¯˜r3)]
=
ε2 − ε3
ε2/T˜2 − ε3/T˜3
. (11)
The coherence of the virtual qubit can be measured by
its nondiagonal elements, corresponding to the coherent
superpositions of |01〉 and |10〉, as [28]
C(ρv) =
∣∣∣∣ r˜2 − r˜3r˜2 + r˜3 − 2r˜2r˜3
∣∣∣∣ sin θ. (12)
B. Heat currents and COP
To quantify the performance of the fridge, we de-
rive the stationary heat currents in the model. The
ones flowing from the three baths are defined as Qi =
Tr[HtotDi(ρS)] [33], where the total Hamiltonian Htot =
H1 +Hfridge +Hg. They are given by
Q1 = −1
4
gdE1,
Q2 = −Q23 + 1
4
gd(ε2 cos
2 θ
2
− ε3 sin2 θ
2
), (13)
Q3 = Q23 − 1
4
gd(ε3 cos
2 θ
2
− ε2 sin2 θ
2
),
with Q23 = Tr[HfridgeD3(τ˜2τ˜3)] = −Tr[HfridgeD2(τ˜2τ˜3)].
The assumption of weak interaction allows us to de-
fine the heat flow drawn from the target by the fridge as
Qg1 = −Tr[H1Dg(ρS)] with Dg(ρS) = −i[Hg, ρS ], which
is the change in local energy due to the tripartite inter-
action. It is straightforward to check the conservation
of energy that Qg1 = Q1. The current injected by the
hot bath, Q3 in Eq. (13), consists of two parts, of which
Q23 is independent of the tripartite interaction, while
the rest Qg3 = Q3 − Q23 is proportional to the product
of interaction (g) and deviation of ρS from ρS,0 (d). The
former can be considered to have no direct involvement
in the task of cooling, but plays a role to maintain the
nonequilibrium state ρfridge and hence the coherence of
virtual qubit. Accordingly, the later is the extra free en-
ergy gained by the nonequilibrium state ρfridge from the
hot bath to cool the target.
From this point of view, we define a COP of our
nonequilibrium fridge as
ηg =
Qg1
Qg3
=
E1
ε3 cos2
θ
2
− ε2 sin2 θ2
. (14)
It is independent of the deviation of the total stationary
state from ρS,0, and thus can be used to quantify the per-
formance of the nonequilibrium state ρfridge in cooling the
target in τ1. We will compare it to the thermodynamic
COP ηtot = Q1/Q3, that is, for a given supply of energy
from the hot bath, how much heat can be extracted from
the target [19]. In this article, references to COP are to
the one in Eq. (14), unless otherwise stated.
C. Necessary condition for cooling
In this and subsequent parts, we give some analysis
based on a combination of analytical and numerical re-
sults. The reduced state of the target, ρ1 = Tr23ρS , is
in the standard thermal form with the Bloch vector a1.
Its local temperature, T S1 , is defined by the ratio of pop-
ulations of ground and excited states [20]. To testify the
rationality of this local temperature, one can couple the
target with a bath in T S1 , whose effect is described by a
local dissipator, DS1 , in the form (5), and find that the
heat flow Tr[HtotDS1 (ρS)] = 0.
Cooling of the target means reaching a temperature
T S1 < T1, corresponding to a negative d, and hence a
positive Qg1. It is equivalent to that the numerator in
Eq. (10) is negative, and consequently T1 > Tv. The
energy flow Qg1 can be taken as a sign of cooling. We
would like begin with the spacial case with T1 = T2,
which is the easiest case to achieve cooling. For this two-
qubit machine to act as a fridge, the heat current should
satisfies Qg1 > 0, under the temperatures T1 ≤ T2 ≤ T3.
We keepE1 andE3 invariant and plot the heat currents
Qg1 as functions of β3 in Fig. 3 (a) at different values of γ.
It is obvious that the internal interaction between the two
machine qubits directly leads to the suppression of Qg1.
As the interaction increases, there exist three types of
curves in turn: (1) Qg1 increases with T3; (2) Q
g
1 increases
first and then decreases, and when bath 3 is hot enough
Qg1 < 0; (3) Q
g
1 < 0, and its absolute value increases with
T3. These are very similar with the results in the study of
the three-qubit model with a strong tripartite interaction
[22], which is described by a global master equation.
These phenomenons can be understand with the aid of
the picture of diagonalized fridge and the virtual temper-
ature. It is easily to notice that, the virtual temperature
in Eq. (11) can be reduced by raising T˜3 or dropping T˜2.
However, due to the delocalized dissipation effect, both
5(a)-0.15
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FIG. 3: (Color online) Heat current Qg
1
in (a) and the change
of coherence ∆C(ρv) in (b) as functions of β3. We use the
parameters given by T1 = T2 = 2, p = g = 0.01, E1 = 1,
E3 = 4, and from top to bottom γ = 0.48, 0.49,
√
2
√
17− 8
(critical value of the inequality (15)) , 0.50.
of T˜2 and T˜3 are increased, when bath 3 is heated up
from the temperature T2. When γ or T3 becomes large
enough, Tv > T2 and thus the current Q
g
1 < 0.
The two-qubit machine serves as a fridge when it ex-
tracts heat from a cold qubit, whose bath is in the tem-
perature T1 ≤ T2. For the easiest case, T1 = T2, it is
required that, the hot bath in T3 ≥ T2 reduces the vir-
tual temperature to less than T2. That is, the derivative
∂Tv/∂T3 < 0 at the point T3 = T2, leading to
2γ2 < E3∆E, (15)
and corresponding to the first two types of curves. It is a
necessary condition for the two-qubit machine to act as
a fridge, which does not depend on T2, but is a general
requirement on the two-qubit Hamiltonian. More fortu-
nate is that it is equivalent to that the denominator in the
expression of ηg in Eq. (14) is positive. In other words,
a positive Qg1 drawn from the target always requires a
positive Qg3 provided by the hot bath. Consequently, our
definition of the COP ηg does not violate the second law
of thermodynamics at this point.
When the hot bath is heated up from T2, the trend
of virtual temperature is determined by the change of
populations of the excited and ground state in the vir-
tual qubit, which is accompanied by the change of virtual
qubit coherence simultaneously. In Fig. 3 (b), we plot
the changes of coherence ∆C(ρv) = C(ρv)−C(ρv |T3=T2)
as functions of β3. One will immediately see the similar-
ity between ∆C(ρv) and Q
g
1. They have the same zero
points, where the state of virtual qubit is unchanged al-
though both of τ˜2 and τ˜3 are different with the ones in the
case of T3 = T2. In order to understand the similarity,
one can consider a given two-qubit system, described by
the Hamiltonian Hfridge, and thermalized by the contact
FIG. 4: (Color online) COPs ηg (above the solid green line)
and ηtot (under the solid green line) in (a), and C(ρv) in (b),
as functions of E1. The parameters are E3 = 4, T1 = 4/3,
T2 = 2, T3 = 4, and γ = 0.2 (dotted blue), 0.4 (dashed
yellow), and 0.6 (dot-dashed purple). The solid red line shows
the upper bound of ηg, and the green one shows the amount
of E1/E3.
between qubit 2 and bath 2. The classical probabilities
in the equilibrium state reduce the quantum coherence
of the virtual qubit. To make the two-qubit machine to
become a fridge, we contact qubit 3 with a bath 3 at a
hotter temperature T3 > T2. Only when the thermal con-
tact lowers the virtual temperature Tv < T1, the current
Qg1 > 0 and the target is cooled. Simultaneously, the co-
herence C(ρv) is enhanced, as it is a monotony decrease
function of Tv. When T1 < T2, the region of positive
Q1 becomes a subinterval of the one with ∆C(ρv) > 0.
Therefore, the task of cooling requires the the increase of
C(ρv) in the thermal contact with bath 3. That is, the
virtual qubit coherence is beneficial to the fridge.
D. Maximum COP
Now we turn to the COP ηg of the nonequilibrium
fridge defined in Eq. (14). We plot the amounts of ηg,
together with ηtot and C(ρv), as functions of E1 in Fig.
4 with different values of γ in the regions of Qg1 > 0,
Qg3 > 0 and T1 < T2 < T3, where the two machine qubits
act as a fridge.
Obviously, the COP ηg is enhanced by the internal
coupling of fridge, while the price is that the region of
cooling is reduced. The two endpoints of the region of
cooling are two solutions of T1 = Tv, corresponding to
the deviation d = 0. These endpoints form the upper
bound of ηg for fixed E1 and Ti=1,2,3, which is lower than
the Carnot performance. There are two cases where the
upper bound saturates ηc: (1) the right endpoint with
γ → 0 as shown in Fig. 4; (2) the temperature T3 → T2
as shown in Fig. 5 (a).
6FIG. 5: (Color online) The upper bound of ηg normalized by
ηc in (a) and the amount of coherence of the virtual qubit
C(ρv) in (b) as functions of β3, for fixed E1 = 1, E3 = 4,
T2 = 2, and γ = 0.1 (solid red), 0.2 (dashed blue), and 0.3
(dot-dashed green).
In contrast, the thermodynamic COP ηtot is reduced
by the two-qubit interaction from the amount of E1/E3,
which corresponds to the case with γ = 0. And it van-
ishes when E1 approaches the endpoints of the cooling
windows, where Qg1 becomes zero. These two properties
come mostly from the internal heat current of the fridge,
Q23, which increases with γ and is greater than zero at
the endpoints of cooling region. For brevity, we omit the
concrete form of Q23. The global coherence and Q23 are
two aspects of the integrity of the two-qubit fridge. It
can be expected that, the COP ηg, as the rest of ηtot
after the removal of Q23, can better reflect the effect of
quantum coherence in cooling.
It is shown in Fig. 4 that, the coherence C(ρv) ex-
hibits the opposite behaviors of ηg for a fixed γ. As
E1 decreases, C(ρv) increases to a maximum and then
decrease sharply, while ηg experiences a decrease and a
sharp increase. One can understand such phenomena
in the viewpoint of virtual temperature. For a large E1,
the parameter θ approaches 0, the delocalized dissipation
effects in the fridge are small. The virtual qubit can be
cooled by decreasing E1, and thereby COP is reduced, as
the case without the two-qubit coupling [25]. However,
as E1 decreases, the growing delocalized effects raise T˜2
and lower T˜3, and consequently increase the virtual tem-
perature Tv. This leads to the loss of coherence and the
improvement of ηg for low E1.
Let us focus on the case of ηg reaching its upper bound,
shown by the solid red line in Fig. 4. For fixed the target
and nonequilibrium fridge, i. e. Ei, γ, T2 and T3, we
set T1 = Tv and compare the ratio ηg/ηc with the coher-
ence of virtual qubit C(ρv) in Fig. 5. One can find that,
the internal coupling in the fridge extends the difference
between ηg and ηc, although the current Q23 maintain-
ing the nonequilibrium state of fridge is excluded in the
definition of ηg. On the other hand, the coherence C(ρv)
exhibits the opposite behavior of the COP. This indicates
that the quantumness prevents the fridge from reaching
the Carnot performance. The irreversibility comes from
the fact that, to maintain the coherence, the two ma-
chine qubits do not reach thermodynamic equilibrium
with their baths, although the heat current extracting
energy from the target vanishes. This offers a simple pic-
ture to understand the behavior of COP in [21], which
approaches zero at the right endpoint of the cooling win-
dow.
From another point of view, the fridge can be re-
garded as two independent machine qubits, e. g. 2˜ and
3˜, running between two baths in temperatures T˜2 and
T˜3. When T1 = Tv, the ratio of currents extracted from
qubit 1 and 3˜ η˜g = Q
g
1/Q˜
g
3 = (β˜2− β˜3)/(β1− β˜2) reaches
the Carnot performance, where Q˜gν = −Tr[εν σ˜
z
ν
2
Dg(ρS)]
and β˜ν=2,3 = 1/T˜ν. However, in such picture, the two-
qubit coherence is absent. One can go further and prove
Qg1 + Q˜
g
2 + Q˜
g
3 = 0, Q
g
2 = Q˜
g
2 cos
2 θ
2
+ Q˜g3 sin
2 θ
2
and
Qg3 = Q˜
g
3 cos
2 θ
2
+ Q˜g2 sin
2 θ
2
. Then the maximum COP
is given by
ηg =
β˜2 − β˜3
β1 cos θ − β˜2 cos2 θ2 − β˜3 sin2 θ2
. (16)
This view shows the relationships between the maximum
COP and the second law of thermodynamics.
E. COP at maximum power
Another extreme is the COP at maximum power η∗g ,
i.e., when Qg1 is maximized, while the upper bound stud-
ied above requires Qg1 → 0. This figure of merit is pre-
sented in [21], and is limited to some fractions of ηc by
many bounds for different setups [24]. Precisely, we max-
imize Qg1 by traversing the region of E1 satisfying Q
g
1 > 0
when the other parameters are fixed, and substitute it in
the definition of COP in Eq. (14). We found that the
amount of η∗g is tightly upper bounded by a function of
γ/E3 that
η∗,maxg =
1
4
η2c + 4
γ2
E2
3
1
2
ηc − 2 γ2E2
3
. (17)
When γ = 0, η∗,maxg =
1
2
ηc, which returns the result of
the original model obtained in [21]. It rises to ηc as the
value of γ/E3 increases. In Fig. 6 (a), we plot a set of
random three-qubit models with a fixed ηc to numerically
verify the bound. One can also see a tightly lower bound
η∗,ming , which is nothing but the minimum of ηg, corre-
sponding to the lowest points of the curves with fixed
γ and E3 in Fig. 4. Here a sufficient condition for the
upper bound η∗,maxg being saturated is the the high tem-
perature limit, i. e. E1/T1 ≪ 1 and Eµ/Tν ≪ 1 with
7FIG. 6: (Color online) Plots of 1000 random refrigerators with
ηc = 1 and γ being random integral multiples of E3ηc/200
in (a) plane of η∗g/ηc vs γ/E3 in company with the lines of
η∗,maxg /ηc and η
∗,min
g /ηc, and in (b) plane of C(ρv) vs γ/E3, in
which the red points satisfy (η∗,maxg − η∗g)/(η∗,maxg − η∗,ming ) <
0.05.
µ, ν = 2, 3. One can start from the first-order approx-
imation of Qg1 and analytically derive the expression in
Eq. (17).
A similar numerical analysis on these random models
shows that, the upper bound of the thermodynamic COP
at maximum power, η∗tot, decreases from
1
2
ηc to zero, as
γ/E3 increases from 0 to ηc/
√
16 + 8ηc. And, the upper
bound is approached by the same models as η∗,maxg , which
are marked in red in Fig. 6.
We also plot the set of random models in the plane of
C(ρv) vs γ/E3 in Fig. 6 (b), to analyze the role of quan-
tumness. It is shown that, the nonequilibrium fridge with
maximum power can have a larger virtual qubit coher-
ence, e. g. the maximum C(ρv) ≃ 0.75. But the ones
approaching η∗,maxg are obviously limited in a range of
C(ρv) . 0.1. These indicate that, the coherence of the
virtual qubit holds back the COP at maximum power
from reaching its upper bound, and therefore reflects ir-
reversibility.
IV. CONCLUSIONS
We study the three-qubit model of quantum absorp-
tion refrigerator with a strong coupling between the two
machine qubits. The thermal contact with two baths
with a temperature difference makes the two-qubit ma-
chine in a nonequilibrium steady state with a quantum
coherence between them. The task is to cool the target
qubit, thermalized by a cold bath, by coupling it with the
machine. The machine is refered to as a nonequilibrium
fridge, as its performance characteristics are determined
by the two-qubit nonequilibrium state and its interac-
tion with the target. We define a COP only taking into
account the currents caused by the arbitrarily weak tri-
partite interaction, and quantify the quantumness in the
task of cooling by using the coherence of machine virtual
qubit.
To act as a fridge, the internal coupling between the
two machine qubits should be less than a critical value
determined by their free Hamiltonian. Such constraint is
equivalent to the requirement that the virtual qubit co-
herence can be enhanced by the temperature difference
between the two baths of the machine. This result shows
that the quantum coherence is beneficial to the nonequi-
librium fridge. However, it is detrimental to the COP,
although the heat current maintaining the coherence is
excluded in the definition of COP. The adverse effects
are shown in two extreme cases, in one of which the heat
current extracted for the target approaches zero, and in
the other the heat current is maximized.
In the representation of two free qubits in the diag-
nalized fridge, the delocalized dissipations on the total
stationary state are equivalent to two local channels.
This provides an intuitive picture of several results in our
study, and consequently contributes to our understand-
ing of delocalized effects on the three-qubit model with
a strong tripartite interaction [21, 22]. Moreover, it is
interesting to ask whether or when an interaction Hamil-
tonian can be regarded as a quantum machine running
among different degrees of freedom in a whole system.
In our model, the interaction Hg can reach the Carnot
limit, when we consider it as a machine to cool the target
by extracting free energy from qubit 3˜ and exporting it
into 2˜ .
Our model can also serve as an example to verify the
consistent of local approach with the second law of ther-
modynamics, which is questioned recently [31, 32, 35–
39]. Here, we argue that the local approach is valid un-
der the resonance between subsystems. The arbitrarily
weak interaction, allowing the subsystems to resonantly
exchange energy, can be considered as the thermal con-
tact among them [20]. It is similar with the fact that
only the effects of the resonant frequency are involved in
the standard Lindblad master equation.
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